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Based on the asymptotic ﬁelds near the singular points in two-dimensional isotropic and orthotropic
elastic materials, the eigenequation as well as the displacement and singular stress ﬁelds near the inter-
face edge, with an arbitrary wedge angle for the orthotropic material, in orthotropic/isotropic bi-materi-
als are formulated explicitly. The advantages of the developed approach are that not only the
eigenequation is directly given in a simple form, but also the eigenvector is no longer needed for the
determination of the asymptotic ﬁelds near the interface edge. This approach differs from the known
methods where the eigenequation is constantly expressed in terms of a determinant of matrix, and the
eigenvector is required for the determination of the asymptotic ﬁelds. Therefore, the solution proposed
in this paper is more convenient and effective for the analysis of the singular stresses near the interface
edge in the orthotropic/isotropic bi-material. To demonstrate the validity of the presented formulae, an
example is selected for the comparison of analytical and FEM results. According to the theoretical anal-
yses, the inﬂuences of the wedge angle and material constant of the orthotropic material on the singular
stresses near the interface edge are discovered clearly. The results obtained may give some references to
certain engineering designs such as the structural repair or strengthening.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
In bonded structures subjected to mechanic and/or thermal
loadings, most failure initiated at the interface edge due to the
existence of stress singularities there. From the pioneering work
for the stress singularity at the corner in plates developed by
Williams (1952), many researchers have studied the stress singular-
ity at the interface edge of bonded isotropic bi-materials and aniso-
tropic ones. As for isotropic bi-materials, Mellin transform method
and the separation of variables on the Airy stress function were
previously used to study stress intensities at interface edges (Bogy,
1971; Dempsey and Sinclair, 1981; Hein and Erdogan, 1971), in
which various boundary and interface conditions as well as geom-
etry and material combinations were considered to deduce their
eigenequations. Subsequently, Muskhelishvili complex potentials
(Muskhelishvili, 1953) were employed to calculate the singular
stress ﬁeld near an interface edge (Chen and Nisitani, 1992). Re-
cently, Huang and Leissa (2008) have extended their previous work
(Huang and Leissa, 2007) to develop the eigenequation and the
asymptotic ﬁelds near the interface edge of a bi-material body of
revolution with free boundary conditions along the edge. As for
orthotropic bi-materials, employing the complex function repre-
sentation for anisotropic materials and the Mellin transform, Kuo
and Bogy (1974) ﬁrstly considered a symmetrically twinned wedgell rights reserved.composed of two identical orthotropic wedges bonded along their
common face and subject to tractions on its boundary faces. Then
Delale (1984) discussed stress singularities in bonded anisotropic
materials by using Lekhnitskii’s general formulation and Williams’
method, and the eigenequation was given from a 12  12 system of
homogeneous equations for the 12 unknowns, i.e. eigenvector. The
Stroh formalism (Eshelby et al., 1953; Stroh, 1958) is an effective
tool in the investigation of anisotropic problems. By adopting this
formalism the asymptotic solution near the anisotropic interface
edge was treated by Ting (1996) and Lin and Sung (1998), where
the eigenequation obtained was expressed in terms of 3  3 deter-
minant having usually complex elements. Lately, Labossiere and
Dunn (1999, 2002) used a combination of the Stroh formalism
and the Williams eigenfunction expansion method to calculate
the displacement and singular stress ﬁelds near an anisotropic
bi-material interface edge, and the path independent H-integral
was developed to compute the stress intensity factors.
In recent years, advanced anisotropic or orthotropic materials,
such as ﬁber-reinforced plastics (FRP) plates or sheets, are widely
used to strengthen/repair efﬁciency of aerospace, vehicle, and
bridge structures. However, conventional materials, which are
commonly isotropic, are still used in most engineering structures.
Therefore, it is inevitable to consider bonded structures of aniso-
tropic/isotropic or orthotropic/isotropic bi-materials, especially
stress singularities at interface edges in such bi-material struc-
tures. Since stress–strain relations of isotropic materials can be
easily acquired from those of anisotropic or orthotropic ones, some
Nomenclature
a, b, c deﬁned after Eq. (3)
aij, bij deﬁned after Eq. (16)
c11, c12, c22, c66 elastic parameters of orthotropic materials
dij (i, j = 1, 2) deﬁned after Eq. (17)
frij(h), fhij(h), frhij(h) (i = 1, 2, j = 1, 2, 3) deﬁned in Eq. (9)
r radial coordinate
s1, s2 roots of Eq. (3)
ur, uh displacement components with reference to the polar
coordinate system
x, y rectangular coordinates
Ai, Bi, Cij (i, j = 1, 2) coefﬁcients to be determined
C1, C2 deﬁned after Eq. (23)
E Young’s modulus of isotropic materials
Eii (i = 1, 2, 3) elastic moduli of orthotropic materials
FðmÞrk ðhÞ; F
ðmÞ
hk ðhÞ; F
ðmÞ
rhk ðhÞ;H
ðmÞ
rk ðhÞ;H
ðmÞ
hk ðhÞðm; k ¼ 1;2Þ angular func-
tions deﬁned in Eqs. (24)–(27)
Gij(h), (i, j = 1, 2) deﬁned in Eq. (7)
G12 the shear modulus of orthotropic materials
K, K1, K2 stress intensity factors of the interface edge
a wedge angle (see Fig. 1)
a1, a2 deﬁned in Eq. (6)
h tangential coordinate
h1, h2 deﬁned in Eq. (8)
j denote 3  4m for plane strain and (3  m)/(1 + m) for
plane stress
k, k1, k2 eigenvalues of the stress singularity
l the shear modulus of isotropic materials
m Poisson’s ratio of isotropic materials
m12, m13, m23 Poisson’s ratios of orthotropic materials
rr, rh, srh stress components with reference to the polar coordi-
nate system
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those of the anisotropic ones only by replacing the anisotropic con-
stants with the isotropic ones. One the other hand, due to the fact
that Muskhelishvili complex potentials are very powerful for
obtaining the solution of isotropic problems and the Stroh formal-
ism for anisotropic ones, one would expect certainly that the Stroh
formalism could degenerate into Muskhelishvili complex poten-
tials, so that the solution of anisotropic bi-materials can be easily
used for anisotropic/isotropic bi-materials. But Choi et al. (2003)
pointed out the difﬁculty in the above relation and proposed that
the isotropic elasticity formulation can be constructed in the same
form of the Stroh formalism for anisotropic elasticity, i.e. the ex-
panded Stroh formalism. And then they solved the interface cracks
with various bi-material combinations. By using the above ex-
panded Stroh formalism, Shin et al. (2004, 2007) acquired eigen-
values and corresponding eigenvectors of the interface edge in
anisotropic/isotropic bi-materials, and the asymptotic stress and
displacement ﬁelds are obtained subsequently.
In the aforementioned studies, although some researchers have
studied stress singularities at interface edges in anisotropic/aniso-
tropic and anisotropic/isotropic bi-materials, both eigenvalues and
eigenvectors have to be determined before the calculation of the
asymptotic ﬁelds near the interface edge. Therefore, the com-
pletely explicit solutions of the singular stress ﬁeld near these
interface edges have not been presented directly. Recently, some
authors employed the displacement function method to study
asymptotic ﬁelds near the interface edge, and the corresponding
eigenfunction together with displacement and singular stress
ﬁelds was all presented explicitly. For example, by using two har-
monic functions as the displacement functions, Liu et al. (1999) ob-
tained in a fairly simple form the displacement and singular stress
ﬁelds near an axisymmetric interface corner in isotropic elasticity.
More recently, taking two quasi-harmonic functions as the dis-
placement functions, Wu and Liu (2008) derived the displacement
and singular stress ﬁelds near the singular point in 2D orthotropic
materials, and the asymptotic ﬁelds are presented in the closed-
form expression.
In this paper, we will focus on the investigation of the explicit
solution of the asymptotic ﬁelds near the interface edge, with an
arbitrary wedge angle for the orthotropic material, in orthotro-
pic/isotropic bi-materials. For this, the asymptotic ﬁelds, with four
unknown coefﬁcients, near the singular points in 2D isotropic
(Williams, 1952) and orthotropic (Wu and Liu, 2008) materials
are ﬁrstly introduced in Section 2. According to the boundaryand interface continuity conditions of the interface edge, a simpler
eigenequation is obtained explicitly and all unknown coefﬁcients
are ﬁnally expressed by an arbitrary selected constant, i.e. the
stress intensity factor. As a result of the above procedure, the dis-
placement and singular stress ﬁelds near the interface edge are de-
rived in the completely explicit expressions. Although the path
independent H-integral, which was employed by many authors
(Labossiere and Dunn, 1999, 2002; Shin et al., 2007), is one of
the most powerful method, we here use a simpler and very effec-
tive numerical method proposed by Liu et al. (2008) to determinate
stress intensity factors. According to this method, the orders of the
stress singularity as well as the related stress intensity factors can
be numerically calculated simultaneously by applying the asymp-
totic solution of the singular stress ﬁeld and FEM results. Therefore,
the correctness of the theoretical eigenvalues can be veriﬁed
numerically by means of the determination of the stress intensity
factors. In Section 4, an example is introduced to demonstrate the
validity of the formulae obtained in this paper. By changing the
wedge angle and material constant of the orthotropic material,
the inﬂuences of the wedge angle and material constant of the
orthotropic material on the singular stresses near the interface
edge are given out in Section 5.
2. Asymptotic ﬁelds near singular points in isotropic and
orthotropic materials
In order to obtain the singular stress ﬁeld near the interface
edge in orthotropic/isotropic bi-materials, we will employ the
asymptotic ﬁelds near the singular points in 2D isotropic and
orthotropic elastic materials.
Let (r,h) be the polar coordinate system centered at the singular
point. The displacement and singular stress ﬁelds near the singular
point in 2D isotropic materials can be found from Williams (1952)
as follows:
2lur ¼ rkfA1 sinðkþ 1Þhþ B1 cosðkþ 1Þhþ ðk jÞ A2 sinðk 1Þh½
þB2 cosðk 1Þhg; ð1aÞ
2luh ¼ rkfA1 cosðkþ 1Þh B1 sinðkþ 1Þhþ ðkþ jÞ A2 cosðk 1Þh½
B2 sinðk 1Þhg; ð1bÞ
rr ¼ rk1kfA1 sinðkþ 1Þhþ B1 cosðkþ 1Þhþ ðk 3Þ A2 sinðk 1Þh½
þB2 cosðk 1Þhg; ð2aÞ
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Fig. 1. Geometry of a bi-material interface edge showing coordinate axes.
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þ ðkþ 1Þ A2 sinðk 1Þhþ B2 cosðk 1Þh½ g; ð2bÞ
srh ¼ rk1kfA1 cosðkþ 1Þh B1 sinðkþ 1Þhþ ðk 1Þ A2 cosðk 1Þh½
B2 sinðk 1Þhg; ð2cÞ
where, k(0 < Re[k] < 1) is an eigenvalue to be determined, l and m
are the shear modulus and Poisson’s ratio, respectively, j = 3  4m
for plane strain and (3  m)/(1 + m) for plane stress, and A1, A2, B1,
and B2 are coefﬁcients to be determined from the boundary and
loading conditions.
As for orthotropic materials, let (r,h) be the polar coordinate sys-
tem centered at the singular point and the direction h = 0 along an
orthotropic principle material axis. According to the relation be-
tween the characteristic parameters s1 and s2, the displacement
and singular stress ﬁelds near the singular point in 2D orthotropic
materials can be represented as two different forms (Wu and Liu,
2008). The two characteristic parameters s1 and s2 are associated
with the elastic parameters c11, c12, c22, and c66 for orthotropic
materials, and the squares of si(i = 1,2), i.e. s2i , are the two roots
of the following equation:
as4  bs2 þ c ¼ 0; ð3Þ
where a = c22c66, b ¼ c11c22  c212  2c12c66, c = c11c66. Generally, the
two characteristic parameters are not identical, i.e. s1– s2. In this
case, the displacement and singular stress ﬁelds near the singular
point in 2D orthotropic materials are
ur ¼ rk
X2
i¼1
X2
j¼1
Cij ðkþ 1Þ ðai=siÞ sin2 hþ cos2 h
h i
GijðhÞ
n
þðai=si  1Þ sin h cos hG0ijðhÞ
o
; ð4aÞ
uh ¼ rk
X2
i¼1
X2
j¼1
Cij
n
ðkþ 1Þðai=si  1Þ sin h cos hGijðhÞ
þ ðai=siÞ cos2 hþ sin2 h
h i
G0ijðhÞ
o
; ð4bÞ
rr ¼ rk1
X2
i¼1
X2
j¼1
Cij kðkþ 1Þfri1ðhÞGijðhÞ þ kfri2ðhÞG0ijðhÞ
n
þfri3ðhÞ ðkþ 1ÞGijðhÞ þ G00ijðhÞ
h io
; ð5aÞ
rh ¼ rk1
X2
i¼1
X2
j¼1
Cij kðkþ 1Þfhi1ðhÞGijðhÞ þ kfhi2ðhÞG0ijðhÞ
n
þfhi3ðhÞ ðkþ 1ÞGijðhÞ þ G00ijðhÞ
h io
; ð5bÞ
srh ¼ rk1
X2
i¼1
X2
j¼1
Cij kðkþ 1Þfrhi1ðhÞGijðhÞ þ kfrhi2ðhÞG0ijðhÞ
n
þfrhi3ðhÞ ðkþ 1ÞGijðhÞ þ G00ijðhÞ
h io
; ð5cÞ
where k(0 < Re[k] < 1) is an eigenvalue to be determined, Cij(i,j = 1,2)
are coefﬁcients to be determined from the boundary and loading
conditions, the primes denote the differentiations with respect to
h, and
ai ¼ c11  c66s
2
i
ðc12 þ c66Þsi ; ð6Þ
Gi1ðhÞ ¼ ðcos2 hþ s2i sin2 hÞðkþ1Þ=2 sinðkþ 1Þhi; ð7aÞ
Gi2ðhÞ ¼ ðcos2 hþ s2i sin2 hÞðkþ1Þ=2 cosðkþ 1Þhi; ð7bÞ
hi ¼ tan1ðsiy=xÞ ¼ tan1ðsi tan hÞ; ð8Þfri1ðhÞ ¼ ðc22ai=siÞ sin4 hþ c11 cos4 h
þ ðc12 þ 2c66Þð1þ ai=siÞ sin2 h cos2 h; ð9aÞ
fri2ðhÞ ¼ 2 c11 þ c66 þ ðc12 þ c66Þai=si½  sin h cos3 h
 2 c12 þ c66  ðc22  c66Þai=si½  sin3 h cos h; ð9bÞ
fri3ðhÞ ¼ c12 sin4 hþ ðc12ai=siÞ cos4 h
þ c11  2c66 þ ðc22  2c66Þai=si½  sin2 h cos2 h; ð9cÞ
fhi1ðhÞ ¼ ðc12ai=siÞ sin4 hþ c12 cos4 h
þ c11  2c66 þ ðc22  2c66Þai=si½  sin2 h cos2 h; ð9dÞ
fhi2ðhÞ ¼ 2 c11 þ c66 þ ðc12 þ c66Þai=si½  sin3 h cos h
 2 c12 þ c66  ðc22  c66Þai=si½  sin h cos3 h; ð9eÞ
fhi3ðhÞ ¼ c11 sin4 hþ ðc22ai=siÞ cos4 h
þ ðc12 þ 2c66Þð1þ ai=siÞ sin2 h cos2 h; ð9fÞ
frhi1ðhÞ ¼ ðc11 þ c12 þ c66 þ c66ai=siÞ sin h cos3 h
 c66 þ ðc12  c22 þ c66Þai=si½  sin3 h cos h; ð9gÞ
frhi2ðhÞ ¼ c66ð1þ ai=siÞðsin4 hþ cos4 hÞ
 2 c11 þ c12 þ c66 þ ðc12  c22 þ c66Þai=si½  sin2 h cos2 h;
ð9hÞ
frhi3ðhÞ ¼ ðc11 þ c12 þ c66 þ c66ai=siÞ sin3 h cos h
 c66 þ ðc12  c22 þ c66Þai=si½  sin h cos3 h:; ð9iÞ3. Singular stress ﬁeld near interface edge in 2D orthotropic/
isotropic bi-material
In structural repair/strengthening problems, we frequently
encounter such bonded bi-materials with a conﬁguration of the
interface edge shown in Fig. 1, in which one material is isotropic
and the other is orthotropic or anisotropic. In Fig. 1, the coordinate
origin O is placed at the interface edge and the xaxis is along the
interface. Material 1 is isotropic and occupies the region 0 6 h 6
p. Material 2 is orthotropic with the principal material axes ori-
ented with respect to the x-y axes and occupies the region
a 6 h 6 0, where a is arbitrary. The bonded solid is loaded at
remote boundaries by tractions or displacements. To investigate
the singular stress ﬁeld near the interface edge, the boundary
conditions as well as the displacement and traction continuity
conditions have to be employed. For convenience, we introduce
the superscripts 1 and 2 in round brackets refer to the material 1
and 2, respectively. Therefore, we have the boundary conditions as
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rð2Þh ðr;aÞ ¼ 0; sð2Þrh ðr;aÞ ¼ 0; ð11Þ
and the displacement and traction continuity conditions on the
interface h = 0 as
uð1Þr ðr;0Þ ¼ uð2Þr ðr;0Þ; uð1Þh ðr;0Þ ¼ uð2Þh ðr;0Þ; ð12aÞ
rð1Þh ðr;0Þ ¼ rð2Þh ðr;0Þ; sð1Þrh ðr; 0Þ ¼ sð2Þrh ðr;0Þ: ð12bÞ
Substituting Eqs. (2b) and (2c) to Eq. (10), one yields:
A1 ¼ A2ðk cos 2kpÞ  B2 sin 2kp; ð13aÞ
B1 ¼ A2 sin 2kp B2ðkþ cos 2kpÞ: ð13bÞ
Applying Eq. (13) into Eqs. (1) and (2), the displacement and
singular stress ﬁelds inside the material 1 near the interface edge
are deduced as
2luð1Þr ¼ rk ðk jÞ sinðk 1Þh sin 2kp cosðkþ 1Þh½f
ðk cos 2kpÞ sinðkþ 1ÞhA2 þ ðk jÞ cosðk 1Þh½
ðkþ cos 2kpÞ cosðkþ 1Þh sin 2kp sinðkþ 1ÞhB2g;
ð14aÞ
2luð1Þh ¼ rk ðkþ jÞ cosðk 1Þhþ sin 2kp sinðkþ 1Þh½f
ðk cos 2kpÞ cosðkþ 1ÞhA2  ðkþ jÞ sinðk 1Þh½
ðkþ cos 2kpÞ sinðkþ 1Þhþ sin 2kp cosðkþ 1ÞhB2g;
ð14bÞ
rð1Þr ¼ rk1k ðk 3Þ sinðk 1Þh sin 2kp cosðkþ 1Þh½f
ðk cos 2kpÞ sinðkþ 1ÞhA2 þ ðk 3Þ cosðk 1Þh½
ðkþ cos 2kpÞ cosðkþ 1Þh sin 2kp sinðkþ 1ÞhB2g; ð15aÞ
rð1Þh ¼  rk1k ðkþ 1Þ sinðk 1Þh sin 2kp cosðkþ 1Þh½f
ðk cos 2kpÞ sinðkþ 1ÞhA2 þ ðkþ 1Þ cosðk 1Þh½
ðkþ cos 2kpÞ cosðkþ 1Þh sin 2kp sinðkþ 1ÞhB2g; ð15bÞ
sð1Þrh ¼ rk1k ðk 1Þ cosðk 1Þhþ sin 2kp sinðkþ 1Þh½f
ðk cos 2kpÞ cosðkþ 1ÞhA2  ðk 1Þ sinðk 1Þh½
ðkþ cos 2kpÞ sinðkþ 1Þhþ sin 2kp cosðkþ 1ÞhB2g; ð15cÞ
Substituting Eqs. (4), (5b), (5c), (14), (15b), and (15c) into Eq.
(12) and taking some algebraic calculations, we obtain the coefﬁ-
cient relations in the following form:
Cij ¼ aijA2 þ bijB2; ð16Þ
where
a11 ¼ 2la2 þ c66jða2 þ s2Þ þ ½c66ða2 þ s2Þ  2la2 cos 2kp2lc66ðkþ 1Þða1s2  a2s1Þ ;
b11 ¼ ½2la2  c66ða2 þ s2Þ sin 2kp2lc66ðkþ 1Þða1s2  a2s1Þ ;
a12 ¼ ð2lþ c12  c22a2s2Þ sin 2kp2lc22ðkþ 1Þða2s2  a1s1Þ ;
b12 ¼ ðc12  c22a2s2Þj 2lþ ð2lþ c12  c22a2s2Þ cos 2kp2lc22ðkþ 1Þða2s2  a1s1Þ ;
a21 ¼ 2la1 þ c66jða1 þ s1Þ þ ½c66ða1 þ s1Þ  2la1 cos 2kp2lc66ðkþ 1Þða2s1  a1s2Þ ;
b21 ¼ ½2la1  c66ða1 þ s1Þ sin 2kp2lc66ðkþ 1Þða2s1  a1s2Þ ;a22 ¼ ð2lþ c12  c22a1s1Þ sin 2kp2lc22ðkþ 1Þða1s1  a2s2Þ ;
b22 ¼ ðc12  c22a1s1Þj 2lþ ð2lþ c12  c22a1s1Þ cos 2kp2lc22ðkþ 1Þða1s1  a2s2Þ :
Substituting Eqs. (5b) and (5c) into Eq. (11) and then employing
Eq. (16), one gets two homogeneous linear algebraic equations for
the two unknown coefﬁcients A2 and B2 as follows:
d11A2  d12B2 ¼ 0; ð17aÞ
d21A2 þ d22B2 ¼ 0; ð17bÞ
where
d11 ¼
X2
i¼1
X2
j¼1
aij kðkþ 1Þfhi1ðaÞGijðaÞ þ kfhi2ðaÞG0ijðaÞ
n
þfhi3ðaÞ ðkþ 1ÞGijðaÞ þ G00ijðaÞ
h io
;d12 ¼ 
X2
i¼1
X2
j¼1
bij kðkþ 1Þfhi1ðaÞGijðaÞ þ kfhi2ðaÞG0ijðaÞ
n
þfhi3ðaÞ ðkþ 1ÞGijðaÞ þ G00ijðaÞ
h io
;d21 ¼
X2
i¼1
X2
j¼1
aij
n
kðkþ 1Þfrhi1ðaÞGijðaÞ
þkfrhi2ðaÞG0ijðaÞ þ frhi3ðaÞ ðkþ 1ÞGijðaÞ þ G00ijðaÞ
h io
;d22 ¼
X2
i¼1
X2
j¼1
bij kðkþ 1Þfrhi1ðaÞGijðaÞ þ kfrhi2ðaÞG0ijðaÞ
n
þfrhi3ðaÞ ðkþ 1ÞGijðaÞ þ G00ijðaÞ
h io
:
For a non-trivial solution of Eq. (17), the solvability condition is
simply that the determinant of the matrix of the coefﬁcients must
be equal to zero. The condition easily leads to the following eigen-
equation in k:
d11d22 þ d12d21 ¼ 0: ð18Þ
The eigenequation (18) is a complicated transcendental equa-
tion, and the eigenvalue k can be obtained by using the mathemat-
ical software like Maple or Mathematica. In general, one or two real
eigenvalues k (0 < k < 1) can be obtained from Eq. (18). From any
one of Eq. (17), such as Eq. (17a), we have:
A2 ¼ ðd12=d11ÞB2: ð19Þ
Now, we consider the case with two eigenvalues k1 and k2 (the
case with one eigenvalue can be treated by omitting the terms
associated with k2). The displacement and singular stress ﬁelds in-
side the materialm (m = 1,2) near the interface edge can be ex-
pressed as
uðmÞr ¼ K1rk1HðmÞr1 ðhÞ þ K2rk2HðmÞr2 ðhÞ; ð20aÞ
uðmÞh ¼ K1rk1HðmÞh1 ðhÞ þ K2rk2HðmÞh2 ðhÞ; ð20bÞ
rðmÞr ¼ K1rk11FðmÞr1 ðhÞ þ K2rk21FðmÞr2 ðhÞ; ð21aÞ
rðmÞh ¼ K1rk11FðmÞh1 ðhÞ þ K2rk21FðmÞh2 ðhÞ; ð21bÞ
sðmÞrh ¼ K1rk11FðmÞrh1 ðhÞ þ K2rk21FðmÞrh2 ðhÞ; ð21cÞ
where Kk(k = 1,2) are the stress intensity factors, H
ðmÞ
rk ðhÞ, HðmÞhk ðhÞ,
FðmÞrk ðhÞ, FðmÞhk ðhÞ, and FðmÞrhk ðhÞ (k = 1,2) are the angular functions of dis-
placement and singular stress components, respectively. According
to Liu et al. (2008), the stress intensity factors can be deﬁned as
rð1Þh jh¼0 ¼ K1rk11 þ K2rk21Fð1Þh2 ð0Þ; ð22aÞ
sð1Þrh jh¼0 ¼ K1rk11Fð1Þrh1ð0Þ þ K2rk21: ð22bÞ
2332 Z. Wu, Y. Liu / International Journal of Solids and Structures 47 (2010) 2328–2335This deﬁnition means the angular functions Fð1Þh1 ðhÞ and Fð1Þrh2ðhÞ
are normalized in the direction h = 0, i.e. Fð1Þh1 ð0Þ ¼ Fð1Þrh2ð0Þ ¼ 1.
Applying Eqs. (15b), (15c), and (19) to Eq. (22), the relations be-
tween the unknown coefﬁcient B2 and the two stress intensity fac-
tors K1 and K2 are obtained as
B2 ¼ d11K1=C1 for k ¼ k1; ð23aÞ
B2 ¼ d11K2=C2 for k ¼ k2; ð23bÞ
where
C1 ¼ k1½d12 sin 2k1p d11ð1 cos 2k1pÞ;
C2 ¼ k2½d12ð1 cos 2k2pÞ þ d11 sin 2k2p:
Substituting Eq. (16) into Eqs. (4) and (5) and applying Eqs. (14),
(15), (19), and (23), the angular functions in Eqs. (20) and (21) are
derived as
Hð1Þrk ðhÞ ¼ fd12½ðkk  jÞ sinðkk  1Þh sin 2kkp cosðkk þ 1Þh
 ðkk  cos 2kkpÞ sinðkk þ 1Þh þ d11½ðkk  jÞ
 cosðkk  1Þh ðkk þ cos 2kkpÞ cosðkk þ 1Þh
 sin 2kkp sinðkk þ 1Þhg=ð2lCkÞ; ð24aÞ
Hð1Þhk ðhÞ ¼ fd12½ðkk þ jÞ cosðkk  1Þhþ sin 2kkp sinðkk þ 1Þh
 ðkk  cos 2kkpÞ cosðkk þ 1Þh  d11½ðkk þ jÞ
 sinðkk  1Þh ðkk þ cos 2kkpÞ sinðkk þ 1Þh
þ sin 2kkp cosðkk þ 1Þhg=ð2lCkÞ; ð24bÞ
Fð1Þrk ðhÞ ¼ kkfd12½ðkk  3Þ sinðkk  1Þh sin 2kkp cosðkk þ 1Þh
 ðkk  cos 2kkpÞ sinðkk þ 1Þh þ d11½ðkk  3Þ
 cosðkk  1Þh ðkk þ cos 2kkpÞ cosðkk þ 1Þh
 sin 2kkp sinðkk þ 1Þhg=Ck; ð25aÞ
Fð1Þhk ðhÞ ¼  kkfd12½ðkk þ1Þsinðkk  1Þh sin2kkpcosðkk þ 1Þh
 ðkk  cos2kkpÞ sinðkk þ1Þh þ d11½ðkk þ 1Þcosðkk 1Þh
 ðkk þ cos2kkpÞcosðkk þ 1Þh sin2kkpsinðkk þ1Þhg=Ck;
ð25bÞ
Fð1ÞrhkðhÞ ¼ kkfd12½ðkk  1Þ cosðkk  1Þhþ sin 2kkp sinðkk þ 1Þh
 ðkk  cos 2kkpÞ cosðkk þ 1Þh  d11½ðkk  1Þ
 sinðkk  1Þh ðkk þ cos 2kkpÞ sinðkk þ 1Þh
þ sin 2kkp cosðkk þ 1Þhg=Ck; ð25cÞ500 500
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Fig. 2. A simple beam strengtheHð2Þrk ðhÞ¼
X2
i¼1
X2
j¼1
ðd12aijþd11bijÞ ðkkþ1Þ ðai=siÞsin2 hþcos2 h
h i
GijðhÞ
n
þðai=si1ÞsinhcoshG0ijðhÞ
o
=Ck; ð26aÞ
Hð2Þhk ðhÞ ¼
X2
i¼1
X2
j¼1
ðd12aij þ d11bijÞ
n
ðkk þ 1Þðai=si  1Þ sin h cos hGijðhÞ
þ ðai=siÞ cos2 hþ sin2 h
h i
G0ijðhÞ
o
=Ck; ð26bÞ
Fð2Þrk ðhÞ ¼
X2
i¼1
X2
j¼1
ðd12aij þ d11bijÞ
n
kkðkk þ 1Þfri1ðhÞGijðhÞ
þkkfri2ðhÞG0ijðhÞ þ fri3ðhÞ ðkk þ 1ÞGijðhÞ þ G00ijðhÞ
h io
=Ck; ð27aÞ
Fð2Þhk ðhÞ ¼
X2
i¼1
X2
j¼1
ðd12aij þ d11bijÞ
n
kkðkk þ 1Þfhi1ðhÞGijðhÞ
þkfhi2ðhÞG0ijðhÞ þ fhi3ðhÞ ðkk þ 1ÞGijðhÞ þ G00ijðhÞ
h io
=Ck; ð27bÞ
Fð2ÞrhkðhÞ ¼
X2
i¼1
X2
j¼1
ðd12aij þ d11bijÞ
n
kkðkk þ 1Þfrhi1ðhÞGijðhÞ
þkkfrhi2ðhÞG0ijðhÞ þ frhi3ðhÞ ðkk þ 1ÞGijðhÞ þ G00ijðhÞ
h io
=Ck:
ð27cÞ
As a result of the above procedure, the displacement and singu-
lar stress ﬁelds near the interface edge in the orthotropic/isotropic
bi-material are presented in the completely explicit form. From
Eqs. (24)–(27) it can be found that the angular functions in Eqs.
(20) and (21) only depend on the eigenvalues of the stress singu-
larity, and the eigenvector is no longer needed in this solution.
Therefore, this solution is different from the earlier publications,
where both eigenvalue and eigenvector have to be determined be-
fore the calculation of the angular functions.
4. Numerical example and discussion
For a veriﬁcation of the correctness of the above analytical formu-
lae, a simple beam of rectangular cross section (Fig. 2), strengthened
by an orthotropic plate along the lower edge of the beam, is numeri-
cally analyzedbyMSCPatran andNastran code. The analytical results
of the eigenvalues and the singular stress ﬁeldnear the interface edge
are compared with the related numerical ones, respectively.
The detailed geometry sizes (the unit is mm) and load are
shown in Fig. 2, and the wedge angle of the plate is a = 90. The002
1000
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N
x
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ic)
2Material
002
ned by an orthotropic plate.
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constants are E = 30GPa, m = 0.2. The material of the plate is as-
sumed to be orthotropic with the principle material axes oriented
with respect to the x-y axes, and its material constants are
E11 ¼ 80 GPa; E22 ¼ 12 GPa; E33 ¼ 20 GPa;
m12 ¼ 0:28; m13 ¼ 0:24; m23 ¼ 0:08; G12 ¼ 6 GPa: ð28Þ
Considering the inﬂuence of the width of the beam, this problem is
treated as the plane strain state. According to Eqs. (3) and (A3) in
Appendix A, the two characteristic parameters are calculated asFig. 4. Calculating model of FEM and its mesh division for: (a) Mesh division of calculati
interface edge O.
Fig. 3. Theoretical values of angular functions Fijk(h) vs. h: (a) Fij1(h) vs. h, (b) Fij2 (h)
vs. h.s1 = 2.3701 and s2 = 0.7775. From the eigenequation (18), the two
theoretical eigenvalues are computed as
k1 ¼ 0:5632; k2 ¼ 0:9246: ð29Þ
The theoretical results of the angular functions Fijk (h)(ij = r,h,rh,
k = 1,2) obtained from Eqs. (25) and (27) are shown in Fig. 3.
Owingto thesymmetryof theproblem(Fig.2),half of the structure
was analyzed numerically. The ﬁnite elementmesh, containing 4683
elements and 4860 nodes, is shown in Fig. 4. The minimum radial
length of the ﬁnite element around the interface edge O is 4.773 ng model, (b) local mesh division near interface edge and (c) local mesh division at
Fig. 5. Comparison between analytical stress components and FEM ones at: (a)
r = 9.0177  102mn, (b) r = 1.5502 mm.
2334 Z. Wu, Y. Liu / International Journal of Solids and Structures 47 (2010) 2328–2335104 mm. ThenumericalmethodproposedbyLiuet al. (2008) isused
to determine the eigenvalues and the related stress intensity factors.
By selecting the stress components rh and srh in the direction h = 30
near the interface edgeO, the two eigenvalues are numerically calcu-
lated as k1 = 0.5650 and k2 = 0.9241. It is obvious that the numerical
results of the eigenvalues agree well with their theoretical ones in
Eq. (29), and the relative errors are only0.32%and0.05%, respectively.
Using the theoretical eigenvalues in Eq. (29), the related stress inten-
sity factors are numerically calculated as
K1 ¼ 54:0695 N mm1:5632; K2 ¼ 3:0395 N mm1:9246: ð30Þ
Substituting the theoretical eigenvalues, Eq. (29), into Eqs. (25)
and (27) and then using the stress intensity factors, Eq. (30), the ana-
lytical results of the singular stress ﬁeld near the interface edge O
are calculated fromEq. (21). Fig. 5 shows the stress component com-
parisons between the analytical results and FEM ones at the two
different radial lengths. From Fig. 5, we can ﬁnd that the analytical
results coincide with the numerical ones very well. In addition, it is
easy to be found that the stress component curves in Fig. 5 are sim-
ilar to the theoretical angular function ones in Fig. 3(a). Hence the
stress ﬁeld near the interface edge of the strengthened beam under
bending is mainly dominated by the eigenvalue k1.
The abovementioned numerical results seem to verify the cor-
rectness of the analytical formulae obtained in this paper.5. Application and results
In this section, the analytical formulae obtained in this paper
will be used to study the inﬂuences of the wedge angle and mate-Fig. 6. Comparison between analytical stress components for different angle a at:
(a) r = 9.0177  102mn, (b) r = 1.5502 mm.rial constant of the orthotropic material on the singular stresses
near the interface edge.
In Fig. 2, we consider the relation between the stress singularity
at the interface edge O and the wedge angle a of the orthotropic
plate. When the angle a is equal to 60 or 30, from the eigenequa-
tion (18) only one theoretical eigenvalue can be computed as
k = 0.6045 for a = 60 or k = 0.6690 for a = 30. The numerical re-
sults of the eigenvalue and its related stress intensity factor are cal-
culated as k = 0.6161 and K = 37.7477 N mm1.6045 for a = 60 or
k = 0.6627 and K = 17.7513 Nmm1.6690 for a = 30. Obviously, the
theoretical eigenvalues agree well with the numerical ones. Fig. 6
shows the comparison between the analytical stress components
rij obtained by Eq. (21) for the different wedge angle a.
By comparing the eigenvalues for the different wedge angle a of
the orthotropic plate, it can be found that the smaller is the wedge
angle a, the weaker is the stress singularity at the interface edge.
Fig. 6 shows that the values of the stress components reduce more
clearly at the smaller r when the wedge angle a decreases.
If the wedge angle in Fig. 2 is remained as a = 90, we then con-
sider the relationbetween the stress singularity at the interface edge
O and the material constant E11 of the orthotropic plate. When the
material constant E11 in Eq. (28) is changed to 60 or 40 GPa, from
the eigenequation (18) the theoretical eigenvalues can be computed
as k1 = 0.5708 and k2 = 0.9312 for E11 = 60 GPa or k1 = 0.5810 and
k2 = 0.9405 forE11 = 40 GPa. Thenumerical resultsof theeigenvalues
and the related stress intensity factors are calculated as k1 = 0.5725,
k2 = 0.9320,K1 = 52.3135 N mn1.5708, andK2 = 2.9160 Nmn1.9312
for E11 = 60 GPa, or k1 = 0.5827, k2 = 0.9411, K1 = 48.7131 N
mn1.5810, and K2 = 2.6791 N mn1.9405 for E11 = 40 GPa. The theo-
retical eigenvalues agree well with the numerical ones. Fig. 7 givesFig. 7. Comparison between analytical stress components for different E11 at: (a)
r = 9.0177  102mn, (b) r = 1.5502 mm.
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obtained by Eq. (21) for the different material constant E11.
By comparing the eigenvalues for the different material con-
stant E11, it can be found that the smaller is E11, the weaker is
the stress singularity at the interface edge. Fig. 7 shows that the
values of the stress components reduce distinctly when the mate-
rial constant E11 decreases.
6. Conclusions
The displacement and singular stress ﬁelds near the interface
edge in the orthotropic/isotropic bi-material were derived by
employing the asymptotic ﬁelds near the singular points in 2D iso-
tropic and orthotropic elastic materials. In the appeared literature,
the eigenequation constantly has to be expressed in terms of a
determinant of matrix, and the eignvector is deﬁnitely required
to determinate the asymptotic ﬁelds near the interface edge in
anisotropic or orthotropic bi-materials. In this paper, however,
the asymptotic ﬁelds near the interface edge can be directly calcu-
lated only by using the eigenvalues determined from the eigeneq-
uation and the stress intensity factors obtained by the numerical or
experimental method. By contrast to the known solutions (for
example, Delale, 1984; Lin and Sung, 1998; Labossiere and Dunn,
1999; Shin et al., 2004, 2007), the eigenvector is no longer required
in this solution. Therefore, the solution proposed in this paper is
more convenient and effective for the analysis of the singular stres-
ses near the interface edge in the orthotropic/isotropic bi-material.
On the other hand, the geometry of the interface edge considered
consists of one isotropic material with straight angle and one
orthotropic material with an arbitrary angle, which just matches
the engineering problem of isotropic components strengthened
by an orthotropic material.
The correctness of the analytical formulae presented in this pa-
per was veriﬁed by an example of a simple beam strengthened by
an orthotropic plate. The variation of the stress singularities at the
interface edge with the wedge angle a and material constant E11 of
the orthotropic plate was presented clearly. It was found that the
stress singularity at the interface edge can be weakened by chang-
ing the wedge angle and the material constant of the orthotropic
plate. These results may be useful for some engineering designs,
such as the structural repair or strengthening, to reduce the singu-
lar stresses near the interface edge.
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Appendix A
In the plane problem, the stress–strain relation of orthotropic
materials can be represented as two forms. One form is
rx ¼ c11ex þ c12ey; ry ¼ c12ex þ c22ey; sxy ¼ c66cxy; ðA1Þ
where, c11, c12, c22, and c66 are the elastic parameters. And the other
form is
ex ¼ rxE11 
m21ry
E22
 m31rz
E33
; ey ¼  m12rxE11 þ
ry
E22
 m32rz
E33
;
ez ¼  m13rxE11 
m23ry
E22
þ rz
E33
; cxy ¼
sxy
G12
; ðA2Þwhere, E11, E22, E33 are the elastic moduli, G12 is the shear modulus,
and m12, m21, m13, m31, m23, and m32 are Poisson’s ratios.
Comparing Eq. (A1) with Eq. (A2) and considering the plane
strain state, i.e. ez = 0, the relation between the elastic parameters
and the material constants for orthotropic materials in the plane
strain state are obtained as follows:
c11 ¼ E11ð1 m23m32Þ=x; c12 ¼ E11ðm21 þ m23m31Þ=x;
c22 ¼ E22ð1 m13m31Þ=x; c66 ¼ G12; ðA3Þ
where
m21 ¼ ðE22=E11Þm12; m31 ¼ ðE33=E11Þm13; m32 ¼ ðE33=E22Þm23;
x ¼ ð1 m13m31Þð1 m23m32Þ  ðm21 þ m23m31Þðm12 þ m32m13Þ:References
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